In the previous study [1, 2] , we formulate a matrix model renormalization group based on the fuzzy spherical harmonics with which a notion of high/low energy can be attributed to matrix elements, and show that it exhibits locality and various similarity to the usual Wilsonian renormalization group of quantum field theory. In this work, we continue the renormalization group analysis of a matrix model with emphasis on nonlocal interactions where the fields on antipodal points are coupled. They are indeed generated in the renormalization group procedure and are tightly related to the noncommutative nature of the geometry. We aim at formulating renormalization group equations including such nonlocal interactions and finding existence of nontrivial field theory with antipodal interactions on the fuzzy sphere. We find several nontrivial fixed points and calculate the scaling dimensions associated with them. We also consider the noncommutative plane limit and then no consistent fixed point is found. This contrast between the fuzzy sphere limit and the noncommutative plane limit would be manifestation in our formalism of the claim given by Chu, Madore and Steinacker that the former does not have UV/IR mixing, while the latter does.
1 Introduction
Matrix models have been considered as constructive definition of quantum gravity. Relatively simple one-and two-hermitian matrix models have been solved exactly and provide nonperturbative formulation of two-dimensional Euclidean quantum gravity coupled to c < 1 conformal matters [3, 4] . Yang-Mills types of matrix models with fermionic symmetry have been proposed as nonperturbative formulation of string/M theory [5] . Each of them is given as a lower dimensional reduction of maximally supersymmetric Yang-Mills theory and have not yet been solved exactly as in the case of two-dimensional quantum gravity.
The large-N renormalization group (RG) method proposed by Brezin and Zinn-Justin [6] is an analytic approach to investigate critical behavior of such a matrix model in the large-N limit. For simple one-or two-hermitian matrix models where exact results are available, it has been shown that large-N RG analysis captures critical behavior of the models, first qualitatively [6] and later even quantitatively with the help of SchwingerDyson equations [7] .
Though the original motivation of this large-N RG method is to analyze models that we cannot solve exactly, and to find a way to overcome the so-called c = 1 barrier, the actual application has not been explored much so far * . In the past decades, the focus of the study on large-N matrix models as quantum gravity has been shifted to a reduced supersymmetric Yang-Mills type matrix models as mentioned above. There have been lots of study on these models (see e.g. [10] ), including very impressive numerical studies (e.g. [11] ), but it is of course very plausible if we can develop an analytic approach to dissect such models. One of the characteristics of these "new" matrix models is that the matrix elements have direct physical interpretation; for example, they are often interpreted as positions of D-branes and open strings connecting them. On the other hand, in the case of matrix models for Euclidean D < 2 quantum gravity, the matrices are technical tools to sum up random surfaces with spin degrees of freedom that give rise to conformal matters. Thus, the large-N RG method proposed by Brezin and Zinn-Justin somehow inherits this nature; namely, there are no criteria on which matrix elements are to be integrated out. On the other hand, in the modern interpretation, we may want to attribute some physical meaning to matrix elements, and formulate large-N RG based on this. With this motivation, together with D. Tomino, we have formulated a large-N RG by using the fuzzy spherical harmonics [12] . The fuzzy spherical harmonics are an analogue of the standard spherical harmonics, and they span a basis on which general hermitian matrices can be expanded. Thus, there appears a clear notion of high/low energy modes for expansion coefficients. We can in this way formulate the large-N RG, and have shown that they enjoy several nice properties such as locality and derivative expansion of double trace terms. We also find Gaussian and non-Gaussian fixed points, and discuss their properties. However, we have also faced a difficulty that originates in a noncommutative nature of the geometry; it is embodied as emergence of new nonlocal interactions between fields on antipodal points on the fuzzy sphere. In the previous work, we carry out the RG analysis by dropping these antipodal interactions. In this paper, we come back to this issue and present more complete treatment of RG analysis.
In the following subsection, we start our discussion with what we have done in the previous paper and what we want to do in this paper.
Large-N renormalization group based on fuzzy spherical harmonics
We first review the basic formulation of the large-N RG based on the fuzzy spherical harmonics † . We then describe its intriguing aspects that have been observed in the previous study [1] .
We start with a matrix model that describes φ 4 scalar field theory on a fuzzy S 2 of radius ρ N ‡ , 1) where N denotes the size of the hermitian matrix φ, L i is the generator of the SU (2) in the spin L representation with N = 2L + 1, and m ( 1.2)
The maximum of the angular momentum 2L is related to the size of the matrix N as N = 2L + 1. The expansion coefficients φ lm are considered to be dynamical degrees of freedom in field theory of φ, and thus there exists a clear notion of "high energy" modes.
The large-N RG transformation is defined by integrating over 2L+1 number of maximum angular momentum modes, φ 2Lm with −L ≤ m ≤ L. This can be carried out by usual perturbation theory, and it generates tr φ 2 and tr φ 4 terms (of the reduced size). Upon a suitable change of the matrix basis, these change can be absorbed into the mass and the coupling constant. This is an analogue of Wilsonian RG flow, and we can find Gaussian as well as non-Gaussian fixed points in the previous study [1] . In fact, this procedure can also be regarded as the Wilsonian RG of a scalar field theory on the fuzzy sphere. We also examined linearized RG transformation around the fixed points and calculated the scaling dimensions of operators at the fixed points as its eigenvalues. Various large-N limits with different noncommutativity respected are also argued.
The perturbative calculation of the RG transformation also generates various terms that are not present in the starting action (1.1); up to O (κ (0) N ) 2 we considered, it includes tr N φ 6 term and also double trace terms. It turns out that in the low energy regime l ≪ L these terms are either negligible or can be rewritten as a series of single trace operators with derivatives (commutators with L i 's) which are suppressed in 1/N. Namely, it has been observed that the corrections are controlled as in the case of usual Wilsonian RG analysis. However, it is found that there appears another type of correction terms that does not present in the usual Wilsonian RG. Let us consider the following simplest example,
3) ‡ In Appendix A, we summarize the basic properties of the fuzzy sphere and also construction of the matrix model for scalar field theory on it.
§ In [1] , κ
N was called g N . In this paper, the symbol g N is reserved for other combinations of the coupling constants. In later sections, κ where φ out = m φ 2Lm T 2Lm is the highest momentum mode to be integrated out and the other two φ are low energy modes with l < 2L. The expectation value means that φ out are contracted by use of the tree level propagator. 1/L corrections can be expressed as derivatives on φ, but it is sufficient to look at the leading term for the current purpose. If (−1) l is absent, the leading term is simply tr N φ 2 , but it cannot be organized in that way due to this phase factor. Inspired by the parity property of the spherical harmonics,
we may include the phase factor by the definition of a new matrix, 5) and call it an antipode matrix, or an antipode field on the fuzzy sphere ¶ , as the aforementioned property implies that this field resides at the antipodal point on S 2 . Thus, the leading term is written as tr N (φφ A ), which can be seen as the most nonlocal two-point interaction term on S 2 . In fact, by using (A.8) and (A.12) in Appendix A, we find
Actually, integrating out the highest modes generates various types of new nonlocal interaction terms with antipode fields. It is worth noticing that this nonlocality is different from what arises in the usual noncommutative field theory defined by the star product * . Indeed, according to (A.15) in Appendix A, a noncommutative product between functions φ 1 (θ, ϕ) * φ 2 (θ, ϕ) corresponds to the matrix product φ 1 φ 2 , which is different from φ 1 (θ, ϕ)φ 2 (π − θ, ϕ + π) corresponding to the matrix product φ 1 φ A 2 . In the previous paper, we simply drop these new terms, and carry out RG analysis.
However, in the first place, according to the spirit of RG, we have to include interaction terms with the antipode fields from the beginning because they are generated in the RG. Furthermore, as well known in quantum field theory on noncommutative geometries (we call it noncommutative field theory or NCFT), such an IR effect due to the UV loop integral is a characteristic feature of NCFT (UV/IR mixing [14] ), and it is then of great importance and interest to investigate them in further details. If the terms with antipode fields are kept, the resultant effective action is not a smooth function of the momentum l even in the low energy regime, due to the oscillating sign. In [15] , Vaidya has argued that this is due to UV/IR mixing effect and concluded that the Wilsonian RG cannot be implemented in scalar field theory on the fuzzy sphere. However, Chu, Madore, and Steinacker have criticized this conclusion by showing that integrating out the all momenta, instead of just l = 2L, leads to much milder behavior and the two-point function is smooth at small values of the external momenta l [16] . They have also shown that a contribution to the two-point function of noncommutativity, which they call noncommutative anomaly, ¶ It is possible to define the antipode basis T A lm = (−1) l T lm and write φ A = φ lm T A lm . * Such nonlocality may reflect a stringy nature of the theory. In a slightly different context, a string-like degree of freedom that connects two opposite points on a squashed fuzzy sphere has been studied in [13] .
remains finite even after taking a continuum S 2 limit. Thus this reflects the effect from the underlying noncommutativity. This noncommutative anomaly is also shown to lead the usual UV/IR mixing effect if we take a noncommutative plane limit by blowing up a point on the fuzzy sphere. In the context of the large-N RG analysis, this observation suggests that we would have a well-defined RG flow by performing RG transformation repeatedly. If so, the large-N RG will open up a possibility that noncommutative field theories are formulated constructively through large-N matrix models . In this paper, we pursuit such possibilities and will consider the large-N RG with antipode fields included. This paper is organized as follows: in the following section we formulate the large-N RG based on the fuzzy spherical harmonics with antipode fields. By integrating out high-momentum modes perturbatively, the RG equations are derived. In Section 3, we find various fixed points and also carry out linearized study around them. There, we encounter a peculiar feature of the large-N RG with antipode fields; namely, the RG equations are quite different for the cases with the starting size of N being even or odd. Irrespective of this, it turns out that the position of fixed points and the critical exponents for each fixed points agree in even and odd N cases. Thus, it suggests that out large-N RG analysis correctly captures universal features of the theory. Finally, in Section 4, we provide conclusions and discussions. In Appendix A, we summarize the basics of matrix model formulation for scalar field theory on a fuzzy sphere and enumerate useful formulas. Some details of perturbative calculations are presented in Appendix B.
2 Large-N renormalization group on fuzzy sphere with antipode fields
In this section, the formulation of the large-N RG of the matrix model describing scalar field theory on the fuzzy sphere with antipode fields is presented. In the first subsection, we set up our action for scalar field theory on the fuzzy sphere that also includes interaction vertices of antipode fields. This is the starting point of our large-N RG analysis. We then carry out a perturbative calculation that corresponds to a coarse-graining procedure in the following subsection. Finally, we explain suitable rescaling of the traces and the radius of the sphere ρ N , with respect to various noncommutative parameters in the large-N limit, and we derive a set of RG equations for mass parameters and coupling constants.
Action with antipode fields
In the previous work, the basic action (1.1) is used to formulate the RG equations for m N . As discussed in Section 1.1, we consider large-N RG analysis with antipode
Since nonlocal interactions are introduced, apart from the noncommutative anomaly, there may be further points to be checked, such as unitarity or causality (in Lorentzian case, for example [17] ), for field theory to be well-defined. We leave this point for future study.
fields. Thus, we take the following extended action as our starting point, N coupling constants. The index a takes the values 0, 1, 2α, and 2β to distinguish the types of the vertices, and in particular, their numbers represent how many antipode fields are contained in the vertices. As shown in Appendix A.3, the antipode projection φ → φ A has a property that all the fields inside a trace can be antipode projected by reversing the order of them inside the trace. See (A.24). Thus, without loss of generality, we can restrict the number of the antipode fields in a trace to be no more than half of the number of the fields. Hence (2.1) is the most general action with the rotational symmetry SO(3) on the fuzzy sphere and Z 2 symmetry φ lm → −φ lm up to the second derivative in quadratic terms and O(φ 4 ) non-derivative interactions. It should be obvious from this observation that introducing φ A does not mean introduction of new degrees of freedom, since the actual degrees of freedom are the mode coefficients φ lm . This extended action is considered to be just an addition of momentum dependent interaction terms. On the other hand, it is much simpler to use φ A to express the action with such interactions since it enables us to write them in terms of the matrix product and trace. Thus, in the action we introduce the antipode field φ A as if it is an independent field, but we note that we do not have to integrate φ A as an independent variable of φ in the large-N RG.
Coarse-graining: perturbative calculation
In the idea of the large-N RG, the modes with high l will be integrated out to produce an effective action for the modes with lower angular momenta. We may start with a generic situation; namely,n number of the outermost momentum shells, l = 2L, 2L − 1, · · · , 2L − n + 1, are integrated out. Thus, we first divide the space of the angular momentum Λ into the one for higher modes to be integrated (called out modes), and the others (called in modes) as
and define correspondingly
A matrix only with in-modes, φ in , and similarly φ out , are defined as
The coarse-graining procedure is then formulated as 5) where
is an action of (N −n)×(N −n) matrix. As in the previous study [1] , the large-N RG formalism presented here respects the rotational symmetry SO (3) , and the resultant action should also be organized with respect to SO(3) irreducible representations. So far, we construct a mapping from N × N matrix to (N −n) × (N −n) matrix. Instead of integrating out l = 2L, 2L − 1, · · · 2L −n + 1 modes in one coarsegraining procedure, we may repeatedly perform the smallestn = 1 mappingn times to realize the same mapping. As we discuss in Section 3.2.1, truncation or approximations make difference between them in general, but it can be negligible to lower order calculations we consider. Thus, we restrict ourselves to consideringn = 1 case for the time being, and establish large-N RG equations.
We stress here that our RG (2.5) is not just a mathematical problem of interest, but has firm physical ground. In fact, the mapping rule (A.11)-(A.13) given in Appendix A tells us that the action (2.1) we start from is completely equivalent to a field theory on a fuzzy sphere with radius ρ
as a function of φ lm . Here all products are understood as a noncommutative product defined in (A.15) * * . Hence (2.5) can also be regarded as applying the standard Wilsonian RG to the field theory (2.6) on the fuzzy sphere with antipodal interactions, which is cut off in such a way that the rotational symmetry is preserved. Thus our RG also reveals properties of such a field theory. Furthermore, as we discuss later, our RG is formulated to describe the large-N limit with noncommutativity α of the fuzzy sphere fixed (see (A.5) in Appendix A). Therefore we can fix α as small as we like to describe a field theory on the sphere regularized in a rotationally invariant way by small enough noncommutativity.
To carry out the integration for out modes by perturbation theory, we first decompose the quadratic part of the action as
Note that there is no cross term between φ in and φ out in the quadratic part of the action. Here, we have used the fact that for the out modes the antipode projection is simply multiplying the phase factor (−1)
This fact is also useful to organize the interaction vertices below. We define
then our RG equation (2.5) becomes . Now, in order to carry out perturbative calculation, we reorganize the interaction part of the action S (pot.) N according to the number of φ in , φ out as well as the number of antipode projections,
where
(2.12)
13)
14) 17) and the combinations of the original couplings are packed into g
The numbers in the lower indices for V iN stand for the number of out modes; namely the number of "legs" in the following perturbation theory. On the other hand, the numbers in the upper indices denote the number of in fields with the antipode projection. The other labels, α, β, and P and NP , are for distinction of the types of vertices. The symmetry factors in (2.12)-(2.17) are assigned by paying attention to the fact that φ and φ A are not independent as noted at the end of Section 2.1. Notice that since the antipode projection on out fields simply provides an overall alternating phase (−1) N −1 , only φ in A appears in the above vertices. We have also utilized the trace property of antipode fields, (A.27), to reduce the number of antipode fields. The expectation value can be evaluated by using the propagator of the out modes 23) where P N does not depend on m, m ′ and has the form
By using this, we can perturbatively integrate out φ out . It can be schematically summarized as given in (2.14) and (2.15) . O(κ does not include φ in and they do not affect the renormalization of the parameters. With these considerations, we have
Here, − ln Z 0 is also a φ in independent term and we will no longer write the last two terms explicitly.
is the original action in (2.1) with φ replaced with φ in . We first argue that in the low energy regime of φ in fields, namely in which angular momenta l associated with all of φ in are much smaller compared to 2L, l ≪ L, corrections involving V (a) 1 and V (0) 3 , i.e. the second line in (2.26), are negligible in the large-N (therefore large-L) limit. In order to evaluate these terms, it is sufficient to consider (2.13) . Since all three fields in O i are in-modes, their angular momenta l j (j = 1, 2, 3) are all small compared to the cutoff, l j ≪ L. The total angular momentum of O i is, by the usual addition rule, bounded by l 1 + l 2 + l 3 which is again much smaller than L. The trace tr N (O i φ out ) is nonvanishing only when the momenta of O i and φ out are equal, and this condition cannot be met. Thus, this vertex does not contribute to the perturbative calculation we consider now, and the first two terms in (2.27) are indeed negligible. The third term has already been considered in the previous study [1] as V 2 3 c . We simply quote the result as
which is exponentially small for large-L. Some more details are given in Appendix B. Therefore, we need to consider
+ 2g
In order to evaluate relevant expectation values, it is sufficient to consider the following pieces,
where O i (i = 1, 2, 3, 4) are polynomials of φ in and φ in A or an identity 1, and some exponentially small terms are neglected. ∆ is defined as in (A.10) and ∆ (i) acts only on O i or O A i . These formulas are derived in Appendix B (n = 1 case). By choosing suitable O i , we can represent the various types of vertices. For example,
Then we can apply the general formulas to evaluate the expectation values. With these formulas, we find
where subleading contributions of 1/N are dropped. We have defined
As shown here, we sometimes omit the mass dependence from B 1 (N) and B 2 (N) to make expressions concise. Note that the mass dependence comes through the propagator factor P N given in (2.24).
The coefficients of each operator will be identified with new mass and coupling parameters of the size N − 1 theory. However, the trace is still defined in the space of N × N matrices, and the length scale ρ N may also be renormalized in the spirit of Wilsonian RG. In the next subsection, we deal with them.
Mapping the trace and rescaling
The result of the perturbative calculation (2.34) is yet to be identified with a theory of (N − 1) × (N − 1) matrices. The trace is still defined in N × N space, and the matrix basis should be replaced with the one with smaller size. Furthermore, after integrating out the higher momentum modes, the range of the momenta is changed, and it needs to be scaled to the original range as in the standard RG of field theory. This procedure involves the renormalization of the radius ρ N . Together with these procedures, in order to fix the overall scale, we will normalize φ in so that the kinetic term has the canonical normalization. Then we can fix relations between the parameters in the original theory and the renormalized theory.
We first consider the mapping of the trace in N ×N matrix space into (N −1)×(N −1) one. This is essentially the same procedure we took in [1] . Let us write the basis for N ×N as T (N )
does not have components l = 2L, we can define φ in lm = cφ lm with 0 ≤ l ≤ 2L − 1, and also an (N − 1)
Here, c is a constant to be fixed. By (A.8) and (A.10) in Appendix A, the kinetic term is mapped as
representation. We require that the kinetic term stays canonical through the RG procedure, and then c is fixed to be 1. The trace of the quadratic term also transforms simply as
It is easy to see that the same normalization applies if the trace involves antipode ones. On the other hand, the quartic vertices turns out to have a nontrivial factor. A trace with four matrices is written in terms of 3j and 6j symbols by (A.19) . A nontrivial N dependence comes from L = (N − 1)/2 in two 6j symbols, and we apply the following recursion relation from [ 
(2.38)
When a + b + l =even, by use of (A.35) and (A.36), we find
Here in quartic vertices a and b are the angular momenta of in modes, while l is summed over as in (A.19) . When a + b + l is not even, we may roughly take the second term in (2.38) to be subleading. This leads to a similar relation to (2.39), but O(N −2 ) term depends on a, b, and l. Thus it is natural to expect that the coefficient of O(N −2 ) term is still 1/8, independent of a, b, and l, for this case due to the continuity, but we do not have a concrete expression at this moment. However, at least in the low energy regime a, b ≪ L, it is no double that the second term in (2.38) is of O(1/N 2 ) compared to the first term. In summary, we can write down a mapping formula for quartic vertices as
Next, we consider the rescaling of ρ 2 N . In the usual Wilsonian RG of quantum field theory, we integrate out the momentum p for the interval Λ/b ≤ p ≤ Λ where Λ is a cutoff and b > 1 is a number associated with RG transformation. After integration, we perform a scale transformation p → bp to get back to the original momentum space. It thus involves scale transformations of all the dimensionful quantities; especially fields get rescaled, and from this change we can read the scaling dimensions of the fields. We define a fuzzy sphere counterpart of b, called b N , as
So the question is how to define a scale for N − 1 theory. Since the fuzzy sphere preserves the rotation SO(3) symmetry, the most natural invariant is the total angular momentum L 2 i , and the momentum squared is given by dividing it by the radius squared. Thus we require
. It should be noted that the relation between the fundamental scale α and the fuzzy sphere radius ρ N
(see Appendix A), is preserved by the same α, up to O(N −2 ) corrections. Namely, this limit is a large-N limit with the characteristic scale of the fuzzy sphere α fixed which describes noncommutativity as in (A.5). In this sense, we call this large-N limit the "fuzzy sphere limit". Thus as stressed in (2.6), our RG provides nonperturbative information of the field theory with antipodal interactions on the fuzzy sphere with fixed noncommutativity α.
As discussed in [1] , we can think of another large-N limit, which is related to noncommutative field theory (NCFT) [14, 19] on the flat two-dimensional plane (see e.g. [16, 20] ). Thus, we call it the NCFT limit. In this case, the large-N limit is taken with the noncommutativity θ in NCFT fixed as [16] N → ∞ with θ = 2ρ . This limit is to zoom up a tiny part of the sphere (say, the north pole), which will be approximated by a plane with a noncommutativity [ŷ 1 ,ŷ 2 ] = iθ. In this case the RG is expected to describe a field theory on this plane (Moyal plane, or noncommutative plane).
Renormalization group equations
After finishing the rescaling and the mapping of the traces, (2.34) should be identified with an action of (N − 1) × (N − 1) size, up to negligible terms,
The identification of the parameters leads to the following RG equations (RGEs),
with a, b = 0, 1, 2α, and 2β. Here we have introduced the functions of the four-vector
52)
(1)
Notice that the subscript N for X N refers only to the alternating coefficients in their definitions.
We note that the parameter for φφ A kinetic term ζ N does not receive any correction. Thus, in the RG procedure, we can take ζ N = ζ N −1 = · · · = ζ and ζ can be arbitrary. In the next section, we start the fixed point analysis, and we will set ζ = 0 for convenience.
Fixed point analysis
Since the large-N limit corresponds to performing our RG infinitely many times, it would be described by fixed points of the RG transformation. If they exist, for each fixed point we can also deduce the scaling dimensions of operators in the large-N limit from linearized RG transformation around the fixed point because the scaling dimension is response to the scale transformation. In this section, we look for fixed points of the set of the RGEs. If they exist, it would be strong evidence that a theory as in (2.6) with the parameters given by them exists consistently and nonperturbatively. Notice that for this reason the existence of a fixed point is striking in itself because we now allow quite nonlocal antipodal interactions. We then consider linearized analysis around the fixed points to determine the scaling dimensions.
Fixed points for 1-step RGEs
We first consider fixed points for the set of equations (2.47)-(2.49). They are RGEs for the RG transformation from N × N theory to (N − 1) × (N − 1) theory, which corresponds to the case withn, the number of momentum shells to be integrated out, being 1. Therefore, we call them 1-step RGEs.
Fixed points are obtained by setting
and solving the relations for m 2 * ,m 2 * , and κ (a) * . As noted in the previous section, the parameter ζ N does not get renormalized and then we can consistently set ζ N = ζ N −1 = · · · = ζ. We restrict ourselves to fixed points with ζ = 0.
Note that the mass parameters in P N , B 1 (N), and B 2 (N) are all set to be fixed point values. We thus introduce the following notation,
To simplify the analysis, we use the following rescaled variables
By use of them, the fixed point equations are written as
0 =y
where X 
as in (2.22) . Since the definition of P * N involves m 2 * andm 2 * , the rescaling condition restricts the form of P * N as
Since (3.5) depends only on y (a) * , not x (i) * , one may find solutions to them. Then, by (3.4), x (i) * are uniquely determined for a given set of y (a) * . Together with (3.6), the relations (3.3) determines the fixed points in terms of the original variables. Thus, the question boils down to finding solutions to (3.5) . It should also be noticed that the second term in the square bracket of (3.4) is 1/N suppressed compared to the first term, 1, and then we may neglect that term to discuss leading order fixed points as long as g
N , one can see that the four equations (3.5) have purely numeric coefficients which depends on N only through an alternating sign factor (−1) N −1 . Thus, solutions can be searched numerically, for N being even or odd separately, and all solutions will be of order 1.
For even N, we find the following fixed points (or lines),
where the double sign corresponds in each solution and t is a parameter. Formally, any t ∈ R solves the equations, but may be restricted to the range in which the values y (a) * stay real. The first one is the Gaussian fixed point, which obviously leads to m 2 * =m 2 * = κ (a) * = 0. It is curious that the even N case allows one-parameter families of solutions, and then there are infinite number of fixed points irrespective of the fact that we have four equations of four variables. Note that the first two solutions are not included in the one-parameter families.
On the other hand, for odd N, there are four fixed points found,
.
One can check that only the common fixed point for N even and odd cases is Gaussian one. So far, no parametric solution has been found † † . These observations suggest that the RG flow is stable only around the Gaussian fixed point since we are considering the RG transformation from N × N theory to (N − 1) × (N − 1) one. The non-Gaussian fixed points (or lines) does not make sense since they are not really "fixed" along the RG transformations. The structure of fixed points are quite different, as N even ones include critical lines, but N odd ones not. This is in contrast to the case of N → (N − 2) flow we analyze later, where N even and odd ones have the same number of isolated fixed points. Now we consider a linearized analysis around the Gaussian fixed point. Near Gaussian fixed point (namely, m 
Here a = 0, 1, 2α, 2β and
The behavior of the coupling constants κ N is trivial. We first look at critical lines of the mass parameters,m(κ N ) andm(κ N ) which are defined by the following difference equations, 
(3.13) † † As discussed in the following subsections, the comparison between even and odd N cases should be done in terms of the original parameters, m 2 * and so on. However, the structures of the set of fixed points are so different, and we do not expect common fixed points that make sense physically.
Thus, we observe that the the mass parameters have different coupling dependence near Gaussian fixed point for even and odd N cases. This suggests that even near Gaussian fixed point the critical behavior depends on evenness/oddness of N. Note that −4 ln N coefficient of κ
N form is also obtained in the previous study [1] , and we reproduce that result by setting other coupling constants to be zero, for either even or odd N.
In order to compare the result with the one from the following 2-step study, we present eigenvectors of this linearized transformation in (m 2
where we have not normalized them. Unlike the cases of the following subsections, two of the eigenvectors are different for even and odd N.
Fixed points for 2-step RGEs
The observation in the previous subsection may imply that Wilsonian RG is not implemented on a fuzzy sphere, as Vaidya suggests in [15] . However, as mentioned in Introduction, Chu et al. [16] claim that the singular behavior due to the oscillating phase is not a true problem, and by carrying out loop integrals for all momenta the two point function does not have such an oscillating behavior. This suggests that the problem occurs since we consider only 1-step RG transformation, where only l = 2L modes are integrated out. This motivates us to consider iterative application of RG transformation, which leads to theory of N ×N matrices to that of (N −n)×(N −n) matrices, withn > 1. Choosing even n is also plausible, since evenness and oddness of N is preserved by RG transformation. In this subsection, we consider the first nontrivialn = 2 case, which we call 2-step RG transformation. Its fixed points are expected to correspond to the large-N limit taken in such a way that N = 2M or N = 2M + 1 as M → ∞.
2-step RG equations
By using the RG transformation (2.47)-(2.49) twice, we can write down 2-step RG equations
where we consider up to O(κ) terms for the mass parameters. When we look for a fixed point at the leading order in 1/N expansion, we check that all κ (a)
N there are small and that O(κ 2 ) terms provide merely small corrections. In a later subsection, we carry out linearized analysis around fixed points, and there it is necessary to include only the leading corrections in the coupling constants, and then the above set of equations are sufficient for our purpose. Here, the mass parameters and the coupling constants on the right hand sides are m 18) but, to the order we take now, it is sufficient to take the leading terms. This leads to N −1 (·) themselves. Thus, on these RGEs, the mass parameter dependence appears through B i coefficients, while the coupling constants dependence is from X and Y.
Before going to fixed point analysis, we take a look at the validity of 2-step RGEs just presented. Here, a map from N × N theory to (N − 2) × (N − 2) theory is defined by applying 1-step RG transformation twice, which can in principle be different from the one defined by integrating out both l = 2L and l = 2L−1 modes at the same time, if we make some approximations. For example, one possible difference is from a graph involving two out-mode propagators, where one is l = 2L mode the other is l = 2L − 1. The latter does include these contributions, while the former (the ones we have just presented) does not due to the low energy approximation used to derive the RG transformation. The reason is that in the first step RG integrating only l = 2L, all the other lines are assumed to have sufficiently low angular momentum l ≪ L by the low energy approximation, but in order to reproduce this graph one of them should have l = 2L − 1 in the next step RG, and hence the low energy approximation assumed in the first step does not work. Such difference can be understood as potential error terms for iterative application of RG transformation with low energy approximation. It is therefore important to estimate such difference.
In Appendix B, we present formulas for expectation values by integrating l = 2L, · · · , 2L− n+1 out modes ‡ ‡ . We use them to derive the RGEs from N ×N theory to (N −2)×(N −2) theory by integrating out l = 2L, 2L − 1 modes. We do not present the details in this paper, but one can follow the calculation by use of the formulas in Appendix B. We have found that, to O(κ) for the masses and to O(κ 2 ) for the coupling constants, the result is exactly the same as (3.15)- (3.17) . The difference appears in O(κ 2 ) terms for the mass RGEs (3.15) and (3.16). Therefore, we can trust our RGEs forn = 2 case. Interestingly, this observation also suggests that we may formulaten-step RGEs just by applying the 1-step RGEn times. To the leading order in 1/N expansion, the difference can appear only in O(κ 2 ) terms in the mass RGEs and O(κ 3 ) terms in the coupling constant ones. We cannot fully justify this observation for now, as we do not have a complete formula for
expectation value, but the structure of the asymptotic formula for 9j symbols seems to support this conjecture. If this is the case, then we can carry out RG analysis to (N −n) × (N −n) size, wheren ≪ N but can be very large. This completes the large-N RG analysis and, for example, enables us to draw the global picture of RG flows. However, we will leave this for future study, and now concentrate onn = 2 case. From the following subsection, we look for fixed points and study their properties.
Fixed points
As before, we set 20) and solve the following six equations obtained from (3.15)-(3.17),
Precisely speaking, one of the formulas is only valid forn = 2 case, due to a technical difficulty (we are about to mention it). But it is sufficient for the current purpose.
We introduce the following rescaled variables, 
26)
(3.27)
With these variables, the fixed point equations are 0 =x
They are again algebraic equations with numerical coefficients (for a given N). We assume that fixed points x (i) * and y (a) * are of order 1, and then take the leading order coefficients in the large-N limit. SinceB *
depends on x (i) * , these six equations are now coupled, but again we can numerically find four real solutions for even and odd N respectively.
For even N, we find and we call them o(i) (i = 0, 1, 2, 3). Apart from the Gaussian fixed point case, the numerical computation is done with 15 digits working precision, but we round the results to four significant figures and show them. So far, we have numerically confirmed these sets of solutions and it seems very unlikely that there exists another. At a glance, they do not seem to share common solutions. However, the physical quantities are the original parameters m 2 N and the others. The rescaling factors in (3.25) also depends on N as in (2.43), (3.26) and thus we indeed find that the fixed point values of the masses and the coupling constants are the same for both e(i) and o(i) given by 
On the right hand side, the phase factors in the first term are all (−1) N −1 , including the ones in X N −2 for the second term. Thus the right hand side takes the same form for even and odd N. One can easily check that this is true for the other fixed point equations. Therefore, the fixed points in terms of the original variables should be the same for even and odd N. Note that this argument is more or less formal; the parameters have nontrivial N dependence of which we need to take care when we solve the fixed point equations. We have just observed that the (leading order) structure of the fixed point equations admits common solutions for even and odd N. At any rate, the fact that the even/odd N have the same fixed points strongly supports validity of our RG with antipode fields.
Furthermore, from the field theory point of view, our result also seems to be consistent with the claim in [16] : it is true that when we integrate only the highest mode, the result would not be a smooth function with different values for even and odd N as pointed out in [15] , but integrating all modes in calculating correlation functions makes them smooth and completely regular in the 1/N expansion. In our large-N RG, we have only considered the integration over the highest modes and hence the RG itself is not smooth in the sense that it has the explicit oscillating phase (−1) N −1 as found in [15] . The point here is that integration over all modes is realized in our approach by looking at the fixed points. There the phase dependence in fact disappears and we have the well-defined fixed points. Note that the large-N limit, more precisely the fuzzy sphere limit we are considering is exactly the same as in [16] .
We also notice that since the loop expansion parameter is in general ρ
N N as seen in (2.47)-(2.49), the finite fixed points in (3.31) are consistent with our perturbative approach of the RG. In the following subsection, we further investigate the scaling dimensions of the operators associated with each fixed point, which also imply that our RG is legitimate enough to capture universality in the large-N limit.
Linearized analysis and scaling dimensions
In this subsection, we carry out linearized analysis around the fixed points found in the previous subsection.
We start with m N derivatives on X , we find from (3.2)
where in the final part, we have noted that X 
N , δκ
N ) T , and δv N −2 is defined in the similar way. 1 6 is 6×6 unit matrix andM is a 6×6 matrix whose elements are from the derivative part of the previous relations, Before going, we make a remark on the eigenvalues of the above linearized transformation matrix and the scaling dimensions associated with a given fixed point. Suppose that there exists an operator O ∆ of scaling dimension ∆ at a fixed point. Near the fixed point, the operator receives a scale transformation through the RG transformation, 3.37) where b N = ρ N /ρ N −1 is the scale factor associated with the RG transformation defined in (2.41). As we have discussed in Section 2.3, b N in general has the following form
where γ = 2 for the fuzzy sphere limit and γ = 1 for the NCFT limit. In the current consideration, we treat a sequence of the transformations, N → N − 1 → N − 2, and then the O ∆ would have the following factor under the linearized transformation matrix,
On the other hand, since our RG transformation only changes N → N − 2 in total, the leading of the eigenvalue of the linearized RG should be 1. Moreover, (3.39) implies that the eigenvalue in general takes a form λ = 1 + w/N + O(1/N 2 ) (i.e. no fractional power of N) in the 1/N expansion from which we find that an operator corresponding to an eigenvector belonging to λ has the scaling dimension ∆ = w/γ. More concretely, (3.34) gives an explicit form of the linearized RG in the 1/N expansion 1). Note that when the loop corrections are neglected, which corresponds to droppingM , the eigenvalue of M is 2γ (sextuple root), and the scaling dimensions are all ∆ = 2, as anticipated. Now, we can calculate the eigenvalue and the eigenvectors associated with each fixed point for N even and odd respectively. For numerical study, we also need to fix a value of γ from b 2 N defined above. Thus, we study γ = 2 case (the fuzzy sphere limit) and γ = 1 case (the NCFT limit) separately. It has been found that after substituting the values of the fixed points, the matrix elements (3.35) of even and odd N coincides, up to very small numerical errors, for suitable pairs of fixed point values. Therefore, in this 2-step RGE case, even and odd N cases share the same scaling dimensions (critical exponents) and the corresponding eigenvectors (namely, associated operators) are also the same. As in the case of the fixed point values, we can see that this agreement comes from the structure of the linearized RGE. For example, from the middle expression in (3.33), the coefficient of δm 2 N (namely the matrix elementM 11 ) reads
If we consider the leading order part of 1/N with ρ 
Again, the phase factors in the first term in the square bracket are all (−1) N −1 , including the ones in X (a) * are the same for even and odd N, which has already been confirmed, the matrix elementM 11 is the same for even and odd N. One can check that this is also true for all the other matrix elements. Thus, we can conclude that even and odd N cases share the common eigenvalues and eigenvectors at the leading order in the large-N limit, and this will be true for any choice of γ as long as fixed point values in terms of the physical variables coincide.
The expression (3.35) is suitable for numerical study. We present the eigenvalues w and the corresponding normalized eigenvectors on the basis (δm 2 , δm 2 , δκ (0) , δκ (1) , δκ (2α) , δκ (2β) ) respectively for each fixed point e(i) (or equivalently o(i)) for i = 0, 1, 2, 3 in order. For the fuzzy sphere limit (γ = 2), we find * where e(0), namely Gaussian fixed point, case always has ∆ = 2 as sextuple one, and is omitted from the list. From (3.43) and (3.44), we obtain the following observations:
• There exist doubly degenerate ∆ = 2.000 within numerical errors for all cases. Numerically two eigenvectors with ∆ = 2.000 also coincide with each other. The eigenvectors get significant contribution from δm 2 N component; about 97% for e(3) case, and about 73% for e(1), e(2). Thus, we can naturally identify them as a "mass" term around each fixed point. They are the most relevant operator for all fixed points.
• For e(1) and e(2), we have complex eigenvalues (thus complex scaling dimensions) and eigenvectors associated with them. The matrix M is a real matrix, and then complex eigenvalues and eigenvectors have to show up in complex conjugate pairs.
• The e(3) fixed point has only real eigenvalues. There exist four relevant operators, and three of them have almost ∆ = 2 value. It may be interesting to consider to define an interacting continuum field theory around it.
We make closer look at operators with ∆ = 2.000 and those with complex ∆. It is observed that when we estimate the fixed point values (3.31) without enough precision, two eigenvalues near 2.000 are not degenerate and eigenvectors belonging to them are in fact distinct. However, as the precision grows, both eigenvalues come close to 2.000 and eigenvectors also tend to coincide, and eventually we have single eigenvector with doubly degenerate eigenvalue 2.000 within much precision. Physically important question here is whether the eigenspace with the scaling dimension 2.000 has dimension one or two, because it tells us the number of independence relevant operators with the scaling dimension of mass. The above observation seems to suggest that the eigenspace has dimension one and hence we have a single mass operators. At first sight, it seems strange that we have two types of the mass operators tr N (φ 2 ) and tr N φφ A in the original action (2.1). In fact, it should be noticed that given sequence of matrices for which two eigenvalues tend to be degenerate and their eigenvectors tend to coincide, the dimension of the eigenspace in the limit is not always one.
† Hence we have not had a definite answer to this question yet for lack of the exact value of the fixed points, but we note that the two types of the mass term in the original action (2.1) can be written in terms of the modes φ lm as
Thus the two mass terms can be essentially regarded as the mass terms for even l and odd l modes. We do not expect that they are distinct operators with scaling dimension of mass ‡ . In fact, in the fixed points in terms of physical parameters (3.31) as well as the eigenvalues and eigenvectors (3.43), we do not find any difference between even and odd l and this fact ensures well-definedness of the large-N limit. Hence it may be reasonable to conclude that we have only one operator with ∆ = 2 in all cases e(i) (or equivalently
There exists a pair of complex eigenvalues in the fixed points e(1), e(2). As mentioned, the complex eigenvalue has to come in a pair; λ = 1 + w/N with w = re iϑ and w * (r ≥ 0 and −π ≤ ϑ < π). By switching to a real eigenvector space, the linearized RGE matrix restricted to this eigenspace becomes with ǫ = 1/m (m ∈ N ). Then it is easy to see for finite m we have two distinct eigenvalues each of which has a one-dimensional eigenspace, and that as m → ∞, the eigenvalues and eigenvectors tend to agree. Nevertheless in the m → ∞ limit we have a two-dimensional eigenspace of the eigenvalue 1. ‡ Since flipping the sign ofm 2 N is just exchanging the mass terms for l even and odd modes, this observation leads to a puzzle why there is no fixed point with the sing flipped. We do not have a definite answer now.
for a unitary matrix P . Thus, in the space of real couplings, the corresponding flow of RGE transformation (near the fixed point) is a spiral. When it acts on a unit vector, the second part gives a vector of length r/N ≪ 1. If Re w > 0, namely cos ϑ > 0, this tiny part is outward from the fixed points, while when Re w < 0, i.e. cos ϑ < 0, it points toward the fixed point. Thus, the former is interpreted as a spiral source, and the latter is a spiral sink. When cos ϕ = 0 exactly, the flow of RGE transformation forms a limit cycle, and we need further subleading corrections in order to verify that this is the case. In the preset case the values of ϑ for each complex eigenvalues are e(1) : ϑ = 0.4925 = 0.1568π , e(2) : ϑ = 0.4760 = 0.1515π . (3.48)
They are somehow close values, and correspond to spiral source behavior.
Fixed points by original parameters and extra scaling factor
So far, we have studied the properties of the fixed points for the fuzzy sphere limit case (γ = 2). However, as we have stressed in the last part of Section 3.2.2, physical RGE flow has to be considered in the physical parameter space spanned by m In the case of well-known d = 4 − ǫ RG analysis in scalar field theory, we need to include a nontrivial wave function renormalization factor for a nontrivial fixed point to be realized. If we canonically normalize the kinetic term, as we do here, this extra factor gives rise a nontrivial N dependence to the couplings. In the previous study [1] , we introduced an extra factor c(N) = cN χ attached to the coupling constant and tuned χ to realize the NCFT limit with a finite coupling constant. Now, we try to introduce the same extra factor and reconsider the NCFT limit. We replace the coupling constants as
From (3.25), one can easily see that χ should be 1 for κ (a) * to be finite in the NCFT limit. Then it is obvious that we cannot keep m 2 * andm 2 * finite by c(N), but as long as all κ (a) * remain finite and small, our perturbative approach is justified. From this observation, we also see that we can use the common c(N) factor for all the couplings. In RGEs (3.15)-(3.17), we make the replacement (3.49), and do the analysis again. We now introduce a bit different rescaling variables,
Note that in the NCFT limit of our interest, γ = 1 and χ = 1, and then ξ = 2 + O(N −1 ), while in the fuzzy sphere limit, γ = 2 and χ = 0, and so ξ = 1, where (3.50) is reduced to (3.25) (when c = 1). One can check that by use of these variables, the fixed point equations take the same form as (3.28). Thus, we can use the same set of numerical solutions of O (1) given in (3.29) and (3.30) .
It should be noted that the propagator factor is modified too,
and so are B * 1 (N) and the other factors correspondingly. These equations with ξ = 1 reproduce (3.26) and (3.27 ). This modification does affect the position of the fixed points in terms of the physical parameters. By use of (3.50), we find Therefore, the fixed point values do not match for even and odd N in this case. This may imply that this modification is not capable of defining theory around fixed points in a well-defined manner, but we keep moving on to the linearized analysis. At first sight it looks strange that the fixed point values of m 2 andm 2 are divergent in the large-N limit as O(N). However, as discussed in [16] , this is the limit that leads to a massive scalar field theory with the well-known phase factor associated with each vertex on the Moyal plane.
The linearized RGE (3.34) is also modified as
whereM is modified fromM as
where i, j = 1, 2 and a, b = 0, 1, 2α, 2β, andM ij and the others are the matrix elements given in (3.35) . Note that the factors B * i (N) andB i (N − 1) are also modified as in (3.52).
We again set the eigenvalue λ = 1 + w/N. It is not difficult to see that, to the leading order in the 1/N expansion, we can drop the first and the third matrices in the definition ofM (3.55). Thus, we can carry out numerical study as before. It should be noted that we cannot forget these matrices when we fix the eigenvectors. Actually, to obtain well-defined eigenvectors, we need to include 1/N corrections. Thus, in the following we present the calculated values of the eigenvalues w, for even and odd N cases respectively. For even N, and for the common Gaussian fixed point (e(0) and o(0)), the eigenvalues are w = 2 (double) and w = 4 (quadruple). Thus, we can observe that the scaling dimensions associated with fixed points do not match for even and odd N. They indeed share some properties; there are one ∆ = 4 and one ∆ ≃ 2 operators for each case, for example, but the scaling dimensions should be universal and are expected to coincide for even and odd N. Together with the fact that the location of the fixed points does not agree, we conclude that this modification utilizing c(N) factor will not lead well-defined fixed points. Although it might be possible to find a well-defined NCFT limit by choosing c(N) in a more elaborate way, it is worth pointing out that at least perturbatively the antipode transformation is incompatible with the NCFT limit. Actually in this limit we have to restrict ourselves to the representation space of SU(2) with J 3 = −(N − 1)/2 + O(1) corresponding to a region near the south pole of the fuzzy sphere [16] . Hence it is evident that even if the original matrix φ is in this space, φ A inevitably does not belong to it. In fact, we cannot figure out a possible NCFT limit of the most simple antipode interaction (1.6). Since in (3.53) we found the fixed points in the NCFT limit with physical coupling constants as small as we can trust perturbation theory (at least by choosing c appropriately), this is a problem which should be addressed even perturbatively. We can attribute the lack of consistent fixed points and scaling dimensions to this problem. In [16] it is confirmed that in the NCFT limit we have been discussing, a nonplanar diagram on the fuzzy sphere reproduces the well-known phase factor on the Moyal plane and as a consequence it has IR divergence via the UV/IR mixing [14] . Since in the RG we look at the IR physics, it is very likely that non-existence of a well-defined fixed points in the NCFT limit reflects the UV/IR mixing. It is indeed true that the antipode interactions originate from the loop of the highest modes and we could not find any nontrivial fixed point including them in the NCFT limit in contrast to the fuzzy sphere limit. It would be interesting to examine more how the UV/IR mixing appears in our RG, in particular, in a nonperturbative manner.
Conclusions and discussions
In this paper, we have formulated the large-N renormalization group (RG) for the rank N matrix model which defines a scalar field theory on a fuzzy sphere. As a result of coarse-graining procedure in the large-N RG, there (inevitably) appears an antipode field, which is defined as a scalar field twisted by a sign factor fluctuating with respect to its angular momentum. The antipode field is characteristic of noncommutative nature of the geometry. For example, it would not emerge if we regularize the theory by use of simple cutoff. Thus according to the spirit of the RG, we start from the action with it describing new nonlocal interactions between fields and antipode ones.
It has been discussed that the appearance of the antipode field spoils the validity of the RG structure [15] . On the other hand, it has been also shown [16] that by integrating momenta of intermediate states over the whole range, the renormalized action becomes a smooth function of the external momenta. Furthermore, such a smooth function gives rise to a characteristic phase factor related to UV/IR mixing effects under a suitable limit to noncommutative field theory. These observations lead us to expectation that the RG analysis provides well-defined fixed point theory that would correspond to a field theory on a fuzzy sphere. Actually it turns out that the renormalization group equation (RGE) contains the oscillating phase factor (−1)
N −1 and that the fixed points given by these RGEs are somehow pathological. It gives several continuum series of critical points, critical lines for even N, but it only provides isolated four points in the case of odd N. The only common fixed point is Gaussian one, and properties of Gaussian fixed point are also different with respect to N. Thus, we may not expect that RGE is well defined in this case. However, the arguments above suggest that this undesirable behavior would possibly be cured if we iterate the RG transformation to include the effects of integrating out lower momentum modes. Hence we consider an RG transformation from the original size N × N to (N − 2) × (N − 2) one as a next step. This can be obtained by repetition of the RG transformation just given, but to the lower order in perturbation theory it agrees with the RGE defined by integrating out l = 2L and 2L − 1 modes. A fixed point of the RGE in this case describes the large-N limit with keeping evenness or oddness of N. In fact, we find four fixed points for even and odd N case respectively, and also confirm that these four points are at the same locations. We further carry out a linearized analysis around them, and also observe that they provide equivalent linearized theories with the same scaling dimensions and the set of scaling operators. This is consistent with the claim in [16] , because we take account of the integration over lower modes by looking at the fixed points and then obtain the well-defined large-N limit on the fuzzy sphere.
More precisely, we consider two types of large-N limit; the fuzzy sphere limit in which the fundamental scale of the fuzzy sphere is kept, and the NCFT limit that corresponds to zooming up a point on a fuzzy sphere to obtain a noncommutative plane. In the case of the NCFT limit, we try to make the locations of the fixed points in a region where perturbation theory is valid by introducing an extra N dependence to couplings. This however does not work well; the positions of fixed points are altered differently for even and odd N cases, and are no longer the same. The linearized analysis also results in an inconsistent outcome for even and odd N. Thus, this trial may not lead to a nice NCFT limit. This would reflect the IR singularity due the UV/IR mixing on the noncommutative plane, because the antipode field originates from the loop of UV modes and resulting interactions between fields on the antipode points are IR phenomena. Thus we find sharp contrast with the fuzzy sphere limit and the NCFT limit, and this observation could be regarded as a (nonperturbative) manifestation of the claim made in [16] , that the fuzzy sphere does not have the UV/IR mixing, but that the noncommutative anomaly there yields the UV/IR mixing in the NCFT limit.
In the usual Wilsonian RG, the more we repeat the RG transformation, the more kinds of interaction terms we have. In order to handle them, we usually argue that most of them are irrelevant and hence we could drop them. In the present case, we examine two-dimensional noncommutative field theories by using our large-N RG. Thus we cannot invoke such argument. In fact, our RG also gives rise to several derivative corrections as shown explicitly in e.g. (2.30)-(2.32). It is true that they are suppressed in 1/N, are derivative terms written as the double commutator and hence can be neglected at least in low energy regime, but we should include them in the original action because they are actually generated via the RG. However, since we are in two dimensions, we have in principle infinitely many of them (because the scalar field has dimension zero) and it is impossible. Thus it is fair to say that we have found the fixed points and made analyses around them in the subspace of the coupling constants with such derivative corrections turned off.
In our RG including antipode interactions, two well-defined fixed points have complex conjugate eigenvalues of the linearized RG transformation. This result is naturally interpreted as the fact that these fixed points are spiral sources in the two-dimensional subspace corresponding to operators associated with these eigenvalues. Such spiral behavior is quite rare in the ordinary Wilsonian RG in field theories. The reasons why we have it are explained as follows: in order to form a spiral flow, multiple operators need to be mixed in the RG. However, in the ordinary Wilsonian RG we consider operators with definite quantum numbers like the dimensions. It is then quite hard that operators with different quantum numbers are mixed. In contrast, in the present case we consider field theories in two dimensions in which a scalar field has the vanishing scaling dimension at least around the Gaussian fixed point. Moreover, the most essential reason would be that we have exact degeneracy of operators, i.e. a field and its antipode counterpart like φ and φ A . Their degeneracy is exact and is expected to hold even nonperturbatively as suggested by the property given in (A.27) in Appendix A. Thus they would be easily mixed and triggers the spiral behavior. Note that scaling dimensions around a fixed point are usually controlled by the conformal field theory, but in our case it is not available due to noncommutativity.
The other nontrivial fixed point has real scaling dimensions and eigenvectors. On top of that, the fixed point values of the coupling constants for the quartic terms are all positive § , in contrast to the other two fixed points where there exist negative ones. Thus it is possible that the theory around there can be well-defined, and the existence of such a fixed point may open a possibility that we can define an interacting field theory in a § Note that the values of the masses for the quadratic terms are negative, and this is quite analogous to the situation in usual φ 4 theory in D < 4.
noncommutative space constructively. Such field theory, if any, would provide us a hint what kind of degrees of freedom emerges in the large-N limit from the matrices. This will be an interesting future direction. It would also be interesting to examine how nonperturbative phenomena in the large-N limit are captured in the large-N RG. Among others, it is quite nice if supersymmetry breaking shown in [22] in the matrix model describing the lower dimensional superstring theory [23] can be described via the large-N RG. and the action can be written in terms of the modes φ lm . The reality condition implies that φ * lm = φ l −m . The spherical harmonics can be represented by use of symmetric traceless tensor c
, and the parity property
is obvious from this expression since it corresponds to x i j → −x i j for j = 1, · · · , l. Now, we introduce a fuzzy sphere. Let L i (i = 1, 2, 3) be the generators of spin L = (N − 1)/2 representation of SU(2). We define N × N matricesx i = αL i , where α is a parameter of length dimension. To retain the relation i (
which implies that α parametrizes noncommutativity on the fuzzy sphere. Using thesê x i , we can define N × N matrices T lm , which we call the fuzzy spherical harmonics, as
Its hermitian conjugate is T † lm = (−1) m T lm . Let |s be an N dimensional representation space of T lm with −L ≤ s ≤ L. The matrix element of T lm can be determined by Wigner-Eckart theorem, up to a normalization. As in [1] , we use the normalization of [20] (T lm ) ss ′ = s| T lm |s
where the middle factor in the parenthesis is the Wigner's 3j symbol. The orthogonality and the completeness thus follow, 9) and T lm spans a complete basis for N ×N matrices. Finally, corresponding to the Laplacian operator on S 2 (A.2), we have
We thus define a mapping rule ‡ from a scalar field theory on S 2 to N × N matrix counter part as ‡ Similar mapping rule for noncommutative superspace is given in [21] .
1. function → matrix:
2. integration → trace:
Notice that this holds as equality.
3. Laplacian → double adjoint action:
By following these rules, scalar field theory on a fuzzy sphere that corresponds to (A.1) is defined as
(A.14)
By putting the subscript N to ρ and m 2 for convenience and replacing g with κ
N , we have our starting action (1.1). Note that according to the mapping rule (A.11) and by using the fusion of T lm given in (A.21) later, the matrix product φ 1 φ 2 , with , 2 ), corresponds to a noncommutative product of fields on S 2 given as
where .21) . From this expression, we recognize that this star product is indeed noncommutative because the fusion F l 1 m 1 l 2 m 2 l 1 ,m 3 is not symmetric under interchange between (l 1 , m 1 ) and (l 2 , m 2 ).
A.2 Useful formulas of the fuzzy spherical harmonics
In this appendix useful formulas of the N × N matrix T lm defined in (A.7) are presented.
First, the orthogonality (A.8) and the completeness (A.9) lead to 17) for arbitrary N × N matrices O 1 , O 2 . These properties are used to combine double traces into single traces.
By use of the formulas for the 3j, 6j, and 9j symbols [18] , the traces of T lm can be evaluated as
The curly brackets are the 6j symbols. The relevant formulas are also summarized in [1] . From (A.8) and (A.18), we can derive the following useful fusion formula,
By using this twice, one can easily derive a "similarity transformation" property by
If the matrix sandwiched by T 2L−n m and T † 2L−n m is an identity (namely l 1 = 0), one finds
A.3 Properties of the antipode projection
In this appendix, we show that the antipode projection enjoys the following property:
Namely, the antipode of a string of operators is the string of the opposite ordering with antipode operators.
Proof:
For two operators (φψ) A , by using the fusion formula (A.21),
which concludes the proof.
From tr N (T lm ) = Nδ l0 δ m0 , it immediately follows that tr(φ A ) = tr(φ). This leads to the following reflection property of the antipode projection inside a trace,
(A.27) Namely, we can reverse the ordering of the fields inside a trace by putting the antipode projection to all of them.
A.4 Useful formulas of 3nj-symbols
In this appendix, we summarize useful formulas we use our perturbative calculations. The details require more formulas than collected here, but the readers may refer to the previous paper [1] , or the textbook [18] . Many of the asymptotic relations for the 6j symbols here are derived by applying the Stirling's formula to Racah's exact expression of the 6j symbols.
A.4.1 Asymptotic formulas and shift relations of 6j symbols asymptotic formulas Racah's asymptotic formula: for a, b, c, ≫ f ,
For n, m ≪ L, by use of the Racah formula and Stirling's formula,
where we have assumed n ≥ m without loss of generality due to the symmetry of the 6j symbol. In the similar way, for m ≪ L, one can find
shift of the argument If R ≫ 1 and a, b, c are arbitrary,
where C cγ aα bβ is the Clebsch-Gordan coefficient § whose relation to the 3j symbol is
When a + b + c is an even number, the Clebsch-Gordan coefficient satisfies the following shift property,
By using (A.33), one can derive the following relation
Since this is based on the asymptotic relation (A.33), it holds only to the leading order in the large-L limit. When l + l 1 + l 2 is even, by (A.35), one finds
(A.37) § The formula presented in [18] needs a phase factor given here.
A.4.2 Asymptotic formula for 9j symbols
We consider an asymptotic expansion formula for a 9j symbol,
where l, l 1 , l 2 , m, n ≪ L. The symmetry of the 9j symbol suggests that this is invariant under the simultaneous exchange of l 1 ↔ l 2 and n ↔ m. The basic strategy to derive a formula is the same as [1] , namely by use of the decomposition into 6j symbols, and the usual ones for l, l 1 , and l 2 . The last two 6j symbols are evaluated by use of the exact expressionà la the Racah and Stirling's formula, as presented in Appendix B in [1] . In the previous study, we need only n = m = 0 case. In this case, we need to take care of the range of the summation in Racah's formula and the calculation is much more complicated. We thus work out only for the case 0 ≤ n, m ≤ 1, and present the result,
where n = 0, 1. The case with m = 1 and n = 0 can be obtained by exchanging l 1 and l 2 in the second formula. In the second formula, the shift relation (A.37) implies that these two 6j symbols are of the same order. Thus, the second 9j with n = 1 and m = 0 itself is subleading compared to the first one, namely n = m = 0, 1 cases.
B Calculations of the expectation values
In this appendix we evaluate generic forms of the expectation values that are necessary to derive renormalization group equations. We first provide general expressions for expectation values by integrating out 2L, 2L − 1, · · · , 2L −n + 1 out modes as in (2.2). It is convenient to define a part of the out modes with the angular momentum l = 2L − n as 
(B.14)
As noted in Appendix A.4.2, we do not have a general asymptotic formula for this 9j symbol at hand. Only available ones are those with 0 ≤ n 5 , n 6 ≤ 1; namely we can only evaluate then = 2 case. As shown by (A.41) and (A.42), the leading order contributions are from n 5 = n 6 = 0 and 1. The result is
where n = 0 and 1, and B 2 (N − n) = 2(2N − 2n − 1) P N −n 2 is used. Note that ∆ (i) acts only on O i . n 5 = n 6 case is 1/N suppressed compared to these contributions. The triangular conditions for the first two 6j symbols impose l = 2L − m and l ′ = 2L − n with m ≤ l 1 ≪ L and n ≤ l ′ 1 ≪ L. According to the asymptotic formula of 6j symbols (A.32), this contribution is indeed exponentially suppressed for large L, as argued in (2.28). We can therefore drop this term from our perturbative calculation.
